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Improved, Robust, Axial Line Singularity
Method for Bodies of Revolution

Michael J. Hemsch*
PRC Aerospace Technologies Division, Hampton, Virginia

The axial line singularity method has been a popular engineering approach for representing incompressible,
inviscid flow about an inclined slender body of revolution since von Karman first used it more than 60 years ago.
Despite its usefulness, however, practitioners have been plagued by failures of the method for many bodies of
practical interest. Various approaches have been developed for increasing the range of applicability of the
method but none of them can be counted on to work in general. The present paper points out that the source
of the failures is common to all attempts to solve Fredholm equations of the first kind and shows that a
previously developed smoothing technique yields a robust method for numerically solving the governing
equations. The technique is easily retrofitted to existing codes and requires very little extra computational work.
The method allows the number of singularities to be increased until the most accurate line singularity solution
is obtained. The technique is applied to various difficult bodies and comparisons with data are given.

Nomenclature
AJ = quadrature weight for jth node
a = location of forward end of singularity distribution
b = location of aft end of singularity distribution; also

parameter in description of test-case body
C = smoothing matrix
cn =seeEq. (17)
cp = pressure coefficient
dn = seeEq. (18)
F(x) = function describing body surface [see Eq.(3)]
/ = unknown singularity strength vector
g = known right side vector
KI(X,X') - kernel for source distribution
K2(x,x ) = kernel for doublet distribution
K - coefficient matrix, [see Eq.(25)]
KT = transpose of K
L = body length
Ln = forebody length
M = number of conditions
Moo = freestream Mach number
N = number of nodes
q = source singularity strength
R (x) = body radius at axial station x
S(x) = cross-sectional area distribution normalized by

maximum value
£/«> = freestream velocity
V — flow velocity
Vn - component of flow velocity normal to body

surface
xyr, 6 = cylindrical coordinates aligned with body axis

with origin at nose tip and with 0 measured from
the windward meridian

a. = angle of attack
7 = smoothing parameter
€ =#max/£
jit = doublet singularity strength
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Subscripts
s
1
2

= axial distance from singularity
= ratio of /th interval length to /-1th interval length
= velocity potential [see Eq.(l)]
= velocity potential for axial-flow problem
= velocity potential for cross-flow problem

= shoulder
= source (axial) problem
= doublet (crossflow) problem

Introduction

VON Karman1 was apparently the first to use the axial line
singularity method to represent an arbitrary slender body

of revolution in inviscid, incompressible flow. Since then
many workers have used it to solve a variety of problems of
practical interest. The method reduces the governing partial
differential equation (Laplace) and the boundary conditions
to two uncoupled Fredholm equations of the first kind, which
have been solved by a variety of approaches including direct
iteration,2'3 uniform asymptotic expansions,4-7 a hybrid per-
turbation Galerkin method,2 and the method of undetermined
coefficients.8 The method most favored by engineers is numer-
ical integration and collocation (NIC),1'9'24 apparently because
of its greater generality and ease of use,

It is well known that the coefficient matrix for the system
of linear equations produced by the NIC method is ill condi-
tioned10'16'20 and often produces solutions with unacceptable
oscillations when improved accuracy is attempted by increas-
ing the number of singularities. To reduce the effects produced
by attempting to invert the ill-conditioned matrix, workers
have resorted to using a double precision,16'20 least-squares
solution of an overdetermined system19'20'22'23 and optimiza-
tion of the location of the singularities.22'24 Despite all of the
preceding efforts, no robust method has been developed.

In this paper, it is shown that a numerical technique devel-
oped for solution of remote sensing problems25'26 can be ap-
plied to the NIC method, and that it produces good solutions
for bodies previously considered too difficult for the method.
Very little extra programming effort or central processing unit
(CPU) time is required. Because the method is robust, it is
now possible to increase the number of singularities until the
most accurate line singularity solution has been obtained for
the machine roundoff error used.

The next section describes the standard reduction of the
governing differential equation and the boundary conditions



552 M. J. HEMSCH J. AIRCRAFT

to two uncoupled Fredholm equations of the first kind. In the
following section, the importance of correctly choosing the
extent of the axial singularity distributions for each body of
interest is discussed, and formulas derived elsewhere for esti-
mating that extent are presented. The smoothing algorithm
used in the present study is given next, and a test case is used
to illustrate the behavior of the NIC method with and without
smoothing. Following that section, solutions are presented for
four difficult example cases and compared with experimental
data.

Reduction to Fredholm Equations of the First Kind
A velocity potential for inviscid, incompressible flow is

defined such that

results into Eqs. (7) and (8) gives

y= (1)

where <$>-*0 as r-+ oo. The potential is governed by Laplace's
equation which, in cylindrical coordinates, is given by

= 0

The boundary condition is

V -

(2)

(3)

where F(r,x) = r — R(x) = 0 describes the body surface.
Because Eq. (2) is linear and the bodies of interest are

axisymmetric, the three-dimensional flow problem can be split
into two two-dimensional, axisymmetric problems: one at 0
deg and the other at 90 deg angle of attack. The freestream
velocity for both is unity. The potentials for the two split
problems, fa and f a , respectively, are defined by

$(x,r, 6) = cosce + fa(x,r) since cos0] (4)

where 6 is measured from the windward meridian. Substitut-
ing Eq. (4) into Eq. (2) and separating terms gives the follow-
ing governing equations for fa and fa:

01/r + far/r + 4>lxx = 0

farr + far/f + <t>2xx ~fa^2 = 0

(5)

(6)

Substituting Eq. (4) into Eq. (3) and separating terms gives the
following boundary conditions for fa and fa:

far = 0 + </>!*)

(7)

(8)

The following elementary source and doublet solutions will
be used for 4>i and f a , respectively:

(9)

(10)

where £ is the axial distance from the discrete singularity.
Distributing the above singularities continuously on the axis of
the body and summing gives

fa(x,r)= ---

*2Cx,r)= -—

(11)

(12)

The proper values for the limits of the distributions (i.e., a and
b) will be discussed in the next section.

Differentiating Eqs. (11) and (12) with respect to x and r,
evaluating the results on the body, and substituting those

') dx' =

(13)

(14)

where the kernel functions KI(X,X ') and K2(x,x') are given by

K}(x,x') = [R -(x-x')dR/dx][R2 + (x-x')2]~3/2 (15)

K2(x,x') = -[R2 + (x-x')2]~3/2

+ 3R[R-(x-x')dR/dx][R2 + (x-x')2]-5/2 (16)

Equations (13) and (14) are the Fredholm equations of the first
kind used in the NIC method.

Domain of the Singularity Distributions
It has been established that the choice of limits for the

source and doublet distributions on the body axis can have a
significant effect on the accuracy and reliability of the NIC
method (e.g., see Refs. 3 and 13). Fortunately, workers using
uniform asymptotic expansions have determined those limits
precisely for bodies whose cross-sectional area distributions
can be expanded about the stagnation points in power series
that converge over the entire length of the body; i.e., S(x) is
analytic. In this paper, those limits will be used even when the
cross-sectional area distribution of the body of interest is not
analytic.

Although Lotz27 was apparently the first to note the impor-
tance of correctly fixing the extent of the singularity distribu-
tions, Moran4 appears to have been the first to show formally
that the size of the gaps between the ends of the source
distribution and the body end points could be determined
precisely by requiring that successive approximations be uni-
formly valid. Handelsman and Keller5 achieved the same re-
sults using a somewhat different technique. Handelsman and
Keller's results are now presented.

S(x) is normalized such that 5max is unity and all dimensions
are normalized by the body length. It is further assumed that
S(x) is analytic on 0 < x < 1 with 5(0) = S ( l ) = 0 and can be
expanded in power series about the end points as follows:

S(x) = £ cnxn

where cn = S<»\0)/n! and

S(x)= E dn(\-x)n

(17)

(18)

where dn = (- l)nS(n\l)/nl. The locations of the ends of the
source density distribution are then given by

a, = (e/2)2C![l - c2(e/2)2 + (c,c3 + 2c2)(e/2)4

7c1c2c3 + 5c|)(e/2)6] + 0(e10)

- d2(e/2)2 + (did3 + 2tf2
2)(

7d1d2d3 + 5rf2
3)(e/2)6] + 0(e10)

(19)

(20)

where e is the ratio of the maximum radius to the body length.
It is easy to show from Handelsman and Keller's5 results

that the first terms of Eqs. (19) and (20) correspond to placing
the ends of the distribution at inset distances of one-half the
radii of curvature of the body end points. This value was
suggested by Thwaites3 and Shu and Kuhlman.13"15

By applying the method5 of Handelsman and Keller to the
crossflow problem, Geer6 was able to show that the doublet
distribution must have the same extent as the source distribu-
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tion. Hence, so that Eq. (24) is

a2 = fli = a

> = b\ =

(21)

(22)

Geer further showed that the doublet strength at the limits of
the distribution must be zero.6 Note that for a pointed tip the
inset distance is zero. It is easy to show that the source strength
at a pointed tip must also be zero.

Numerical Integration and Collocation Method
and Smoothing

Twomey's Algorithm
It has become standard practice to solve Eqs. (13) and (14)

numerically by assuming piecewise linear variations for q and
jit, carrying out the quadratures and inverting the resulting
linear system of equations. Unfortunately, as pointed out by
Dahlquist and Bjorck28 and Phillips,25 an ill-conditioned sys-
tem can be expected because of machine roundoff error. In
fact, Phillips showed that, for any Fredholm equation of the
first kind with a smooth kernel, as the mesh width (distance
between nodes of the distribution) decreases, the solutions at
first become more accurate, but eventually begin to get worse.
How soon the solutions begin to get worse depends on the
roundoff error, which explains the partial success workers
have had using double precision. Phillips also pointed out that
the error in each of the approximate solutions tends to be an
oscillatory function of x. This behavior can be seen in solu-
tions in the literature (e.g., see Ref. 19).

In order to find acceptable solutions with the NIC method,
Phillips25 assumed that the unknown distribution is a reason-
ably smooth function and minimized the second differences in
the resulting solution using the technique of Lagrange multi-
pliers. In this paper Phillip's method will be applied in the
improved version given by Twomey.26

Consider Eqs. (13) and (14) in the following generip form

(23)

The NIC method consists of discretizing the integrand of Eq.
(23), applying an appropriate quadrature formula, and evalu-
ating the kernel and right side at a series of points on the body.
Other conditions, such as requiring that the total source
strength of a closed body be zero, may be included as well.
Carrying out the discretization and collocation for Eq. (23)
gives the following system of linear equations

N
%K(xi9Xj)Ajf(xj) = £(*,), i = 1, 2, ..., M (24)

J = l

where the Aj are the coefficients in the quadrature formula
and M > TV. In the present work, the singularity distributions
are assumed to be piecewise linear, and quadratures are car-
ried out between nodes on the axis to get the K(xi9Xj)Aj terms.
It is convenient to define

(25)

.20

.10

y/L 0

-.10

-.20
0 .2 .4 .6 .8 1.0

x/L

Fig. 1 Dumbbell shape for test case; e = 0.11, b = 3.

(26)

Twomey's simplified version of Phillips' algorithm is given
by26:

(27)

where y is an arbitrary positive constant, and the second-dif-
ferences smoothing matrix C is given by

C =

1 -2 1 0
-2 5 -4 1

1 - 4 6 - 4
0 1 - 4 6

0 • •
0 • •
1 0 •

-4 1 0

(28)

There are several comments to be made about Eq. (27). First,
note that an over determined system can be handled and, in-
deed, for 7 = 0, Eq. (27) reduces to the least-squares
form.22'23'28 Second, very little extra work is needed to solve
Eq. (27) compared to Eq. (26) since most of the work involved
consists of filling K and inverting the coefficient matrix.
Third, once the KTK, C, and KTg matrices are formed, multi-
ple solutions for various values of y can be obtained easily.
This is an important point because the most accurate solution
for a given distribution of nodes is usually given by the
smallest value of 7 for which an acceptably smooth solution is
generated. The solutions appear to be very weak functions of
7. Consequently, working at a graphics terminal and varying
7 by an order of magnitude at a time will produce the best
solution in several minutes of real time on a superminicom-
puter such as the Gould PN9005 or VAX 780. All of the
results presented in this paper were obtained using single preci-
sion on the Gould PN9005, which is a 32-bit machine.

For design codes that require batch processing, it will be
shown later that smoothing values (7) between 0.001 and 0.01
for the source solution and between 0.1 and 10 for the doublet
solution should produce good results. However, the user
should still monitor the maximum and rms values of the
residual velocity component normal to the body surface.
Test Case

An analytic body previously investigated by Geer2 and
Wong et al.7 has been chosen to illustrate the method. The
dumbbell-like body is shown in Fig. 1 and is given by

where

S(X) = 4bx(l - x)[\ - bx(\ -

(29)

(30)

For this case, e = 0.11 and b = 3. Although the chosen body
has a cross-sectional area distribution that is analytic and
fairly benign looking, the solutions nicely illustrate the behav-
ior described in the previous section.

In order to obtain satisfactory accuracy at the ends of the
body, it was found necessary to cluster nodes near the inset
points. Consequently, exponential stretching was used to set
up the location of the nodes between the inset distance for
each end of the body and the midpoint. For example, the node
locations for the front half of the body are given by

jc, = a + (1 - pl)(L/2 - a ) / ( l - P
N~ >) (31)

where p = Xj+i/xi9 and good results are usually found for
values between 1.02 and 1.15.

The boundary conditions given by Eqs. (7) and (8) were
applied at the interval midpoints, at the body midpoint, and at
the midpoints of the inset gaps. For the source (axial) solu-
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Fig. 2 Axial flow solutions for dumbbell test case; 71 = 0.
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Fig. 4 Smoothed solutions for dumbbell test case.
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Fig. 3 Crossflow solutions for dumbbell test case; 72 = 0.

tions, the additional conditions of stagnation at the ends of
the body, and a total source strength of zero were also applied.
Consequently, the number of conditions for the source and
doublet solutions were N + 5 and N + 2, respectively.

The source solutions for no smoothing are given in Fig. 2a
for N = 10, 20, 40, and 80. A measure of the accuracy of the
solutions is given by the component of velocity normal to the
surface as given in Fig. 2b. Note the different vertical scales.
As predicted by Phillips,25 the solution does improve for
TV == 20 but deteriorates badly as TV is increased further. Simi-
lar results for the doublet solution are given in Fig. 3.

Smoothed source and doublet solutions for TV = 40 and 80
are given in Fig. 4. The smoothing values used are shown in
the figure. The source results show that increasing TV beyond a
value of 20 improves the error only slightly. However, the
error improvement obtained in the doublet solution by in-
creasing TV to 40 and 80 is obvious (compare with Fig. 3b).
Note that, for this case, 72 is four to five orders of magnitude
larger than 7!.

Pressure distributions along the windward meridian for
TV = 80 are given in Fig. 5 for a = 0 and 90 deg. Smoothed and
unsmoothed solutions are given to demonstrate the need for
using smoothing.

Applications
Tangent-Ogive-Cylinder-Boattail

In this section, the present method will be applied to four
difficult configurations and the solutions compared with ex-
periment. The boundary conditions are applied at the mid-
points of the singularity intervals, and the distributions are
allowed to be discontinuous at the forebody shoulder follow-
ing the suggestion of Shu and Kuhlman.13 The first two bodies
were tested by Fox29 and are shown in Fig. 6. The body at the
top of the figure has a one-caliber tangent-ogive forebody, a
two-caliber, cylindrical midsection, and a 0.5-caliber 10-deg
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Fig. 5 Comparisons of pressure distributions along windward ray
for unsmoothed and smoothed axial and crossflow solutions for
N = 80.
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Fig. 6 Forebody-cylinder-boattail test cases29 (all dimensions are
normalized by the cylinder diameter).
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Fig. 7 Axial-flow solution for test configuration shown at top of
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Fig. 8 Axial-flow solution for test configuration at bottom of Fig. 6;
forebody is a 20-deg half-angle cone.

conical boattail. This case is interesting because of the very-
low-fineness-ratio forebody (the tip half angle is 53 deg) and
the discontinuous slope at the midsection-boattail shoulder.
Since the line singularity method cannot handle a discontinu-
ity in the body radius, the boattail was modeled as if it contin-
ued to the sting. It is assumed that the sting extends to infinity.

The axial flow solution for the preceding configuration
is given in Fig. 7. 95 nodes were used to model the body-
sting combination with 30 of them placed on the tangent-
ogive forebody. The best value of 7! was found to be 0.01.
Note that the largest errors in the normal velocity occur
at the three shoulders where there are discontinuities in either
the slope or the second derivative.

Since the errors shown in Fig. 7a are so large compared to
those obtained for the smooth test body of Fig. 1, it is instruc-
tive to compare the model body with that actually computed.
This can be done by solving the equation for the location of
the streamline which goes through the nose tip

irR2=2irR2-
' q(x')(x -x') dx'

[R2 + (x-x')2]V2 (32)

where R (x) is the radial position of the streamline. Equation
(32) must be solved by iteration. The result for the top model
of Fig. 6 is given in Fig. 7b. Note the rounding of the shoul-
ders with slope discontinuities and the slight undulations over
the midsection and the boattail. The rounding and undula-
tions appear to be inevitable for bodies with slope discontinu-
ities. However, with the present smoothing technique, they
can be controlled. Unfortunately, with very large slope discon-
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Fig. 9 Comparison of theory and experiment for 15-deg half-angle
cone cylinder with 25% bluntness.

tinuities, reducing the undulations by increasing the value of
the smoothing parameter results in more rounding of the
shoulder even if local node clustering is used. A comparison
of experimental29 and computed pressures along a meridian
for a = 0 are given in Fig. 7c. The comparison is good for
the forebody and midsections but the rounding of the midsec-
tion-boattail shoulder prevents simulation of the peak suction
pressure.

20 deg Cone-Cylinder-Boattail
The second body is shown at the bottom of Fig. 6. It has the

same sting as the top body. Wolfe and Oberkampf17 found
that a good representation of the 20 deg half-angle cone fore-
body could not be obtained with the usual no-smoothing NIC
method. The axial flow solution given by the present method
is presented in Fig. 8a. One hundred nodes were used with 35
of them on the forebody. The best value of y\ was found to be
0.01. Note again that the normal velocity errors are largest at
the shoulders. A comparison of model and computed surfaces
is given in Fig. 8b. Rounding of the shoulders and slight
undulations are apparent. Experimental and computed pres-
sures along a meridian for a. = 0 are given in Fig. 8c. As shown
above, the rounding of the shoulders prevents simulation of
the peak suction pressure, although the pressure gradients are
captured satisfactorily.

.5 1.0 1.5
x/Ln

b) a - 20 deg; windward meridian
1.0

.5

-1.0

c) a = 20 deg; leeward meridian.

Fig. 10 Comparison of theory and experiment for 15 deg half-angle
cone cylinder with 50% bluntness.

Blunted 15-deg Cone Cylinders
Spherically blunted forebodies are often of interest for mis-

sile applications. However, good NIC solutions for such bod-
ies are sometimes impossible to obtain because of the very
large pressure gradients over the spherical cap. In this section,
NIC results with smoothing are compared with data for 25%
and 50% blunted 15-deg half-angle cone cylinders tested by
Johnson.30 One hundred nodes were used for each case with
half of them on the forebody. For both cases, best results were
obtained with p = 1.05 on the forebody and y{ = 0.001 and
72 = 0.1. Nodes on the cylinder were evenly spaced. The best
nose tip inset distance was found to be one half of the radius
of the spherical nose cap. Comparisons of computed results
and experimental data for a = 0 deg and for the windward and
leeward meridians for a. = 20 deg are given in Figs. 9 and 10
for the 25 and 50% bluntness cases respectively. The compari-
sons are good except for the usual problem at the shoulder.
The solutions, of course, do not reflect the effects of flow
separation at the shoulder. Note that the better agreement for
the 50% bluntness case at the shoulder is illusory. The data for
the pressure tap at the shoulder were not reported.

For the ratio of angle of attack to cone half angle presented
here (4/3), it would be expected that mild crossflow separation
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would be encountered. However, as pointed out by Chu et
al.,31 the blunted noses and choice of the windward and lee-
ward meridians for data/theory pressure comparisons mini-
mizes the impact of the separated flow. (Johnson30 does not
present data for other azimuthal locations for the bodies con-
sidered here.)

Conclusions
It has been demonstrated that the usefulness of the NIC

axial singularity method for representing in viscid, incompress-
ible flow over inclined axisymmetric bodies can be dramati-
cally extended by using a simple smoothing algorithm. The
smoothing algorithm requires very little extra computational
work and can easily be retrofitted to existing codes.

Copies of the interactive codes used in the present work can
be obtained from the author.
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